Thermal stimulation is a useful supplementary mining
Introduction
Thermal stimulation is a useful supplementary mining technique for the enhancement of coalbed methane (CBM) recovery [1] . In this technique, hot water [2] or hot gas [3, 4] is injected to induce the thermal effect on gas production. In the process of these thermal stimulations, temperature and seepage fields co-exist in the coal seam, and gas-water two-phase flow and temperature complexly interact. Theoretical and numerical simulations have been conducted to establish a mathematical model for the coupling of heat conduction and two-phase flow along the flow path [5] . Two-phase flow models [6, 7] , hydro-thermal coupling models [8, 9] ，thermal-hydro-mechanical coupling models [10] , and thermal-hydro-mechanical coupling model with two-phase flow [11] have been proposed so far. For example, Teng et al. [10] proposed a fully coupled thermal-hydro-mechanical (THM) model to quantitatively predict the heat and mass transfers in thermal stimulation enhanced coal seam gas recovery. This model only considered one-phase flow. Taking the effects of temperature and groundwater into account, Li et al. [11] developed a fully coupled thermal-hydro-mechanical model for two-phase flow in CBM extraction. However, these models did not consider the heterogeneous pores and tortuous fractures in the real coal seam structure and no analytical solutions of gas production rate in the above thermal-hydro-mechanical models have been obtained.
The gas-water two-phase flow in porous rock matrix is usually non-linear, tortuous and fractal. An anomalous two-phase flow rather than Darcy flow may dominate the process of thermal stimulation enhanced CBM recovery [12] . In addition, the pathway of heat conduction is also anomalous. The effects of these anomalous mass and heat transfer on the process of thermal stimulation enhanced CBM recovery should be studied. A fractional derivative model is a good option for the simulation of real two-phase flow and heat conduction. The theory of local fractional derivatives has been successfully applied to many problems in fluid mechanics [13, 14] . The fractal travelling-wave method was introduced to solve these local fractional models [15] . A local fractional heat conduction equation has been solved by the local variational iteration method [9] . However, two-phase flow problems in heat transfer process are still not studied.
The above literatures review reveals two imperfections. The first is that previous studies have not involved the coupling between the fractal gas-water two-phase flow and heat conduction. The second is that analytical solutions for the coupled thermal-hydro model are scarce in thermal stimulation enhanced CBM recovery. This study is to improve these two imperfections with following approach. Firstly, a fractal-thermal two-phase flow coupling model is proposed to describe the two-phase flow behaviors in heat transfer process. Secondly, this set of coupling equations is solved through travelling-wave method. The fractal analytical solutions for gas pressure and gas production rate, water pressure and water production rate are then obtained. The water and gas production rate are validated by in-situ production data [11, 18] , respectively. Finally, the conclusions are made.
Mathematical formulation of thermal-hydro coupling model
A fully coupled thermal-hydro model to couple the governing equations between gas-water two-phase flow and heat conduction is established based on following assumptions: (a) Fractured coal is a heterogeneous, anisotropic, rigorous, and porous continuum.
(b) Coal seam gas is ideal, and its viscosity does not change with temperature. (c) Gas seepage obeys fractal Darcy's law.
Governing equation for fractal heat conduction
In fractal porous media, heat conduction obeys the energy conservation law in fractal form as follows [9] .
For gas phase
For water phase are the effective thermal conductivity of gas and water, respectively; t is the time, and T Q is the heat source.
Continuity equations for fractal two-phase flow
For water phase
Since water is slightly compressible, its density w  can be regarded as a constant. The gas density g  follows the equation of state:
where  is the coal porosity; w  , g  are the water and gas density under formation conditions, respectively; g Q , w Q are the source strength of gas and water, respectively; g s , w s are the saturation of gas and water, and 1 g w s s   . M is the gas molecular weight, Z is the gas compressibility factor, and R is the universal gas constant.
Fractional Darcy velocity for fractal two-phase flow
The real flow pathway of fluid is along the tortuous fractures of rock. Hence, the flow is fractal and the fractional Darcy velocity of fluid without gravity effect is [6, 13] 
where g v , w v are the velocity of gas and water, respectively; k is the absolute permeability; rg k , rw k are the relative permeability of gas and water, respectively; g
 are the viscosity of gas and water, respectively; g p , w p are the pressure of gas and water, respectively. Integrating Eqs. (6) and (5) into Eq. (3) yields the governing equation for gas flow in a fractal porous medium as
where S is the storage coefficient of coalbed methane which is [16] 
Integrating Eq. (7) into Eq. (4) yields the governing equation for water flow:
4 4
Travelling-wave transformation
In this section, we find the travelling-wave solutions of the above-developed partial differential equations for temperature, gas and water pressures. The travelling-wave transformation of the non-differentiable type ( c is a constant) is [9] :
Thus, we have the function
and
Similarly, we have the function    
Analytical solutions for temperature
For the convenience of calculation, Eq. (1) is simplified into
For gas phase, the solution of temperature is obtained as [9]  The Mittag-Leffler function on fractal sets is defined as [13] :
For water phase, the solution of temperature is similarly obtained as [9] 
Analytical solutions for gas phase pressure and water pressure Substituting Eqs. (12) and (13) into Eq. (8) gets the governing equation for gas flow:
Eq. (19) can be rewritten as
Following the idea [15] , we set the form of the solution as 
Integrating Eq. (16) 
Eq. (25) can be translated into [13] 
The local fractional integral of
Integrating Eq. (27) into Eq. (26) yields the fractional analytical solution of gas pressure:
For water phase, the fractional analytical solution of water phase pressure is obtained as 
Analytical solution of gas and water production rate
Being similar form to the CBM production rate in normal space yields the gas and water production rate as [17] [ 
Model verifications with gas production rate
The fractal analytical solutions of gas and water production rates were compared with the recorded production rates of No. 1 CBM well in southern district of Fanzhuang block [11] , respectively. The parameters taken from Li et al. [11] are listed in Table 1 Thermal conductivity of gas 
16.0425
Molecular weight of gas Both gas and water production rates from the No. 1 CBM well [11] are used to verify the fractal analytical solutions. The gas production rate is shown in Figure 1(a) and the water production rate is compared in Figure 1(b) . As shown, the gas production rate of No. 1 CBM well firstly increases and then gradually decreases with time. Particularly, gas flow rate rapidly increases and reaches the maximum of 1050m 3 /d at the 276th day and then follows a gentle decline. The water production rate has a rapid decrease from 2.5m 3 /d to 0.15m 3 /d after the first 273 days and then keeps gradually decreasing. The gas/ water production rates of field data show high accuracy of the fractal analytical solutions.
Another comparison was implemented between the fractal analytical solution and field gas production data from the American EL PASO Exploration & Production company [18] . These gas production rate data were obtained at constant temperature. Figure 2 presents the actual field gas production rate data in the black circles and the black line for the fractal analytical solution of this (a) Gas production rate (b) Water production rate Fractal analytical solution of gas production rate 7 7 paper. The analytical fractal production rate closely matches the observed gas production rate.
Discussion

Impact of injection temperature
Four injection temperatures, 298K, 317K, 331K and 344K, are assumed. The impact of injection temperature on gas production rate is presented in Figure 3 . The gas production rate at the 200th day is 1. shows that higher injection temperature corresponds to higher gas production rate. Temperature is a key parameter to control gas and heat transfer in thermal stimulation enhanced coal seam gas recovery.
Impact of fractional order
Sensitivity analysis of this fractional order is conducted here. The fractional order is taken as 0.2, 0.35, 0.5 and 1, respectively. Figure 4 presents the gas production rate declines in the first 300 days in all the four cases. The gas production rate at the 200th day is 2. that gas production rate corresponding to larger fractional order goes down faster and reaches lower gas production rate in the production tail. The fractional order indeed affects the gas production rate. 
Conclusions
This study proposed a fractal-thermal-hydro coupling model to describe the coupling of heat conduction and two-phase flow behaviors in the process of thermal stimulation enhanced CBM recovery. A coupling equation set for two-phase flow and heat conduction was obtained in terms of local fractional time and space derivatives. This coupling equation set was analytically solved through the fractal travelling-wave method. Analytical solutions of gas pressure and gas production rate, water pressure and water production rate were obtained, respectively. The analytical solutions were validated by in-situ production data, respectively. These studies can dawn the following conclusions:
(1) Thermal stimulation has positive impacts on the enhancement of CBM production rate in thermal stimulation enhanced gas recovery. If injection temperature is higher, the CBM production rate would decline slower and reach higher gas production rate in the production tail.
(2) Fractional order has a significant impact on the CBM production rate. Higher fractional order leads to a faster decline of gas production rate and a lower production rate at the same time period.
